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Abstract-A three-dimensional jet of low temperature discharged from a rectangular flume on the hori- 
zontal surface of a large water body of higher temperature was investigated experimentally. The longitudinal 
variations of the location of the jet axis, vertical and lateral widths of the jet and the time-averaged velocity 
and temperature at the jet axis are well correlated by a scaling law derived from the dimensional analysis 
of the governing equations and boundary conditions. The vertical and lateral profiles of both the time- 

averaged velocity and temperature show satisfactory similarity profiles. 

1. INTRODUCTION 

THE TRANSPORT of heat and momentum in the 
environment is usually complicated by the effect of 

buoyancy. A three-dimensional turbulent jet of low 
temperature discharged from a flume onto the hori- 
zontal surface of a large water body of higher tem- 
perature is an important flow with significant buoy- 
ancy effect. 

The three-dimensional heated surface jet has been 
the subject of many theoretical and experimental stud- 
ies [l-4]. However, little is known about the three- 
dimensional surface jet with negative buoyancy even 
as far as the overall jet structure is concerned. There 
exist no reliable data on the velocity and temperature 
profiles. 

The purpose of this paper is to present com- 
prehensive experimental results on the longitudinal 
variations of the location of jet axis, the vertical and 
lateral widths of the jet, the decay of the time-averaged 
velocity and temperature at the jet axis, and the vel- 
ocity and temperature profiles for the jet of low tem- 
perature discharged from a flume on the surface of 
the ambient water of higher temperature. 

A new scaling law is also presented by making use 
of a similar procedure as those in the heated vertical 
jet [S], in the two-dimensional heated surface jet [6], 
and in the three-dimensional heated surface jet [4]. 

2. DIMENSIONAL ANALYSIS 

To correlate the ex~rimental data, a new scaling 
law is derived from the dimensional analysis of the 
governing equations and the boundary conditions for 
the three-dimensional horizontal surface jet. 

Figure 1 shows the coordinate system for three- 
dimensional surface buoyant jet of temperature r, 
and velocity U, discharged into an ambient with uni- 
form higher temperature of T,. 

The flow is assumed to be steady, three-dimensional 
and of the boundary layer type. The equations govern- 

ing the surface jet are written in the dimensionless 
form as, 
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FIG. I. Three-dimensional surface jet of Iow temperature. 
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NOMENCLATURE 

h lateral half-value width of the jet at the Greek symbols 
surface B coefficient of volume expansion 

b, width of the inlet flume 6 vertical half-value width of the jet. 

d0 depth of the water in the inlet flume 
Fr Froude number, Ui/l!g( T, - T”)d,, Subscripts 

9 gravitational acceleration m value at the jet axis 

h depth of the jet axis S value at the surface 
T time-averaged temperature t temperature 

u longitudinal time-averaged velocity velocity 

u longitudinal velocity fluctuation b’ value at the jet discharge 
V vertical time-averaged velocity KI value of the ambient. 

2’ vertical velocity fluctuation 
W lateral time-averaged velocity Superscripts 

IZ’ lateral velocity fluctuation time-averaged value 

.Y longitudinal coordinate * nondimensionalized value by r/,, T, - T, 

?’ vertical coordinate and do 
: lateral coordinate. # normalized value by the scaling law. 

where equation (1) is the continuity equation, equa- 

tions (2) and (3) are momentum equations in the x 
and z directions, and equation (4) is the thermal 

energy equation. Density differences have been 
neglected in all but the buoyancy term (Boussinesq 
approximation). However, the buoyancy terms in 
equations (2) and (3) are not direct body force terms 
but represent, respectively, the streamwise and lateral 

gradients of excess hydrostatic pressure [l]. The vis- 
cous and conductive terms are neglected in equations 
(2)-(4) since they are small compared with the tur- 

bulent stresses and heat fluxes. Furthermore, the vis- 

cous dissipation is neglected in equation (4). 
The boundary conditions are : 

B.C.1 x* = 0, 0 < _I’* < I and 

0 < 2* < (&/f&)/2; U* = 1, P = 1 (5a) 

B.C. I’ s* = 0 , I < J-* or (bold,))/2 < z* ; 

u* =O, P/LX* =0 (5b) 

B.C.2 y* = 0; ~3iJ*,l$y* = 0, aPii$* = 0, 

V* = 0 (6) 

B.C.3 y* = a; U* = 0, r” = 0 (7) 

B.C.4 z* =(); c?u*/az* = 0, F/c?‘? = 0, 

w*=o (8) 

B.C.5 Z* = co; u* =o, T* =o. (9) 

If equations (l)(4) could be solved for U* and T* 
with the boundary conditions (5)-(9) on the assump- 
tion that the turbulent stresses and heat fluxes are 
given as some known functions of x*, _v* and z*, the 
solutions would in principle be of the forms 

U* = Ii* (x*, y*, z* ; Fr, b,,/d,) (10) 

T* = Tc (x*,y*,z* ; Fr, ho/d,,). (11) 

That is, the functional dependence will include all 

the reduced variables and the one dimensionless num- 
ber appearing in the differential equations. An 
additional dimensionless group enters via the fore- 
going boundary conditions. 

Although equations (10) and (I 1) are exact solu- 
tions, the inclusion of the Froude number and the 

aspect ratio of the flume in the functional form is 
inconvenient for the present purpose to give a cor- 
relation of the decay of surface negative buoyant jet. 
Therefore, we define the following new variables : 

U#=AU*,V#=AV*,W#=AW*,u#=Au*, 

I’# = Azq*.w# = AM>* (12) 

T” = BP, t# = BP (13) 

_y# = c.p,p = cy*,p = ly (14) 

where A. B and C are functions of Fr and &id” to be 
determined. 

Substituting equations (12)( 14) into equations (1)) 
(4) and the boundary conditions (5))(9), we obtain 

7-#dv# (17) 
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aT# dTff aT# 
U*dx#fvypW’aza 

r, co 

Is U#T#dy#dz# = ABC’(b,d,). (25) 
0 

= +$-tlV)+$&v.rl”) (18) 
Equations (24) and (25) represent, respectively, the 
momentum and heat balance between x# = 0 and x#, 

B.C.1 x# = 0, 0 < y# < C and 
and are obtained by integrating equations (16) and 

(18). 
0 < z# < C(b,/d,,)/2 ; U# = A, T# = B (19a) Now, if we assume A’/BCFr and A2 C2 (2Fr- 1) 

B.C.1’ x# = 0, C < y# orC(bJdJ2 < z# 
(b,/d,)/(2Fr) in equations (24) and ABC2 (b,/d,) in 
equation (25) to be unity, we obtain 

u# = 0, a7-#/ax# = 0 (19b) 
A = (do/b,) ‘I4 [Fr (2Fr - 1)/2] ‘I4 (26) 

B.C.2 y# = 0; 
B = (d0/b,)“4[(2Fr- 1)5/32Fr3]‘/4 (27) 

du#jay# = 0, a7-#jay# = 0, v# = 0 (20) 
C = (d,Jb,)“4[8Fr/(2Fr- 1)3]“4. (28) 

B.C.3 y# = co; U# = 0, T# = 0 

B.C.4 z# = 0; 

(21) Thus the limiting forms of the solutions for U# and 
T# at large x# are : 

au#jaz# = 0, ai+/az# = 0, w# = 0 (22) U# = U# (x#, y#, z#) (29) 

B.C.5 z# = co; lJ# = 0, T# = 0. (23) T# = T# (x#, y”,z#) (30) 

If we put A2/BCFr = 1 in equations (16) and (17) where 
the solutions for U# and T# include no parameter 
from the differential equations, but A, B and C enter 

U# = (dJb,)“4[Fr(2Fr- 1)/2]“4(U/U,) (31) 

into them via the boundary conditions at x# = 0. T# = (d,,/b,)“4[(2Fr- 1)‘/32 Fr3]“4 
Hence, we consider the limiting form of the solutions 
for large x# where the boundary condition at x# = 0 x [(T- T,)/(T,- T,)] (32) 

is not important and replace B.C. 1 and 1’ by x# = (do/bo)“4 [8Fr/(2Fr - 1)3] “4 (x/d,) (33) 

= B.C.1” 
ss 

Z (U#)‘dy#dz” 
II cl 

y# = (d,,/b,)“4[8Fr/(2Fr- 1)3]‘14 (v/4) (34) 

z# = (d0/b,)“4[8Fr/(2Fr- l)‘]“*(z/d,,). (35) 

AZ cc* ss T#y#dy#dz# = 
A2C2(2Fr- 1) b, From equations (29) and (30) the location of the jet 

BCFr ,, ,, 2Fr d, axis, the vertical and lateral widths of the jet, and the 
velocity and temperature at the jet axis can then be 

(24) described by the functions of x# only. 

FIG. 2. Schematic drawing of the experimental apparatus : (1) test tank ; (2) head tank ; (3) honeycomb ; 
(4) overflow weir; (5) mixing tank ; (6) pump ; (7) traverser ; (8) boiler. 
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X* 

FIG. 3. Longitudinal variation of the location of maximum 
velocity: AFr = 6; AFr = 8; AFr = 16; VFr = 17; 
VFr=27;BFr=37;0Fr=44;mFr=55;NFr=60; 

q Fr=62;mFr=86;OFr=148. 

It is interesting to investigate the behavior of the jet 
when the value of Froude number becomes smaller 
than l/2, because the values of A, B and C cannot be 
determined for Fr < l/2. In the present experiment we 

could not reach such a small Froude number. 

3. EXPERIMENTAL APPARATUS AND 

PROCEDURE 

The experimental apparatus is shown schematically 

in Fig. 2. The test tank (l), 2 m long, 1 m wide and 
1 m deep, was made of 2.0 cm thick transparent acrylic 
plates. 

Filtered city water which was heated in the heater 
(8) was used as ambient fluid and its temperature was 
kept uniform. The ambient water was continuously 

(4 

supplied from a head tank through a screen to prevent 
the stratification. The velocity of the supplied water 
was about 5 mm s-’ in the test tank. 

The jet fluid was also city water the temperature of 
which was regulated in the tank (2). The water enter- 
ing the inlet box was passed through a honeycomb (3) 
equipped at the inlet of a flume and discharged on top 
of the ambient water to form a three-dimensional 

surface jet. Two inlet flumes 9.1 and 13.6 mm wide 
were used. The depth of the flowing water in the 
flume was controlled by an overflow weir (4) at the 

downstream end. Flow rate was measured by a cali- 
brated orifice meter. 

A series of tests with different temperature of the 
jet fluid were performed. For each test, measurements 

of the vertical and lateral widths of the jet and the 
time-averaged velocity and temperature were made. 

The longitudinal velocities were measured with X- 

type film probe (TSI 1241-20 W) and the temperature 
with I-type film probe (TSI 1210-20 W) at neighboring 
locations in the flow. The spacing of these two probes 

was 1 mm. The velocity signals were obtained by two 
constant temperature anemometers (DISA 55MlO), 
while the temperature signal was obtained by a con- 
stant current anemometer (DISA 55M20) operated as 
a resistance bridge. The outputs from these anem- 
ometers were converted to digital signals with a fre- 
quency of 100 Hz and stored in a data recorder (TEAC 
DR 2000). The sampling time was 170 s. The velocity- 
temperature calibration curve was then used for cal- 
culation of the actual velocity signal from the instan- 
taneous constant temperature anemometer output. 

Reynolds numbers based on the hydraulic equi- 
valent diameter at the jet discharge ranged from 1200 
to 8000 and the discharge Froude numbers were 6- 
148. The aspect ratio of the discharged jet at the flume 
was varied from 0.15 to 0.76. 

(b) 
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FIG. 4. Longitudinal variations of the locations of maximum velocity and temperature : the symbols are 
the same as in Fig. 3. 
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FIG. 5. Longitudinal variation of the vertical half-value width of the jet : the symbols are the same as in 
Fig. 3. 

4. EXPERIMENTAL RESULTS AND 

DISCUSSIONS 

4.1. Location of jet axis 
The location of the maximum velocity is assumed 

to be the position of the jet axis. In Fig. 3 the distance 
of the jet axis from the water surface obtained from 
the measured velocity profile is plotted against the 
distance from the jet discharge. Figure 3 shows that 
the depth of the jet axis seems to vary with the distance 
from the jet discharge to the power of about 3 and 
their values increase with decreasing Froude number, 
that is, increasing buoyancy effect. 

The variations of the position of the jet axis scaled 
with the scaling law obtained in the present analysis 
with the scaled distance from the jet discharge are 
depicted in Fig. 4(a). The data points seem to fall on a 
single line. From Fig. 4(a) the following experimental 
correlation is obtained for 1 < x# < 6. 

!$ = 0.015 (x#)‘. (36) 

In Fig. 4(b) the positions of the maximum tem- 
perature deficiency, h,, are plotted against the distance 
from the jet discharge. The positions of the maximum 

temperature deficiency also vary with the distance 
from the jet discharge to the power of 3 and their 
values are almost equal to those of the maximum 
velocity. 

4.2. Width of the jet 
In Fig. 5 vertical half-value width 6, defined such 

that U = U,,,/2 at y = h,+ 6, and z = 0, and 6, defined 
such that T- T, = (T,,, - T,)/2 at y = h,+6, and 
z = 0 are plotted against the distance from the jet 
discharge. The half-value widths of the jet and the 
distance from the jet source in Fig. 5 are scaled with 
the scaling law obtained in the present analysis. 

Although the scattering of the data on 6, and 6, is 
somewhat large, the data points on 6, and 6, seem to 
fall on single lines. The vertical half-value widths 6, 
and 6, vary roughly in proportion to the square of the 
distance from the jet discharge. From Figs. S(a) and 
(b) the following experimental correlations are 
obtained for 1 < x# < 6. 

6,x = O.O24(x#)’ (37) 

s,# = 0.030 (x#) 2. (38) 

FIG. 6. Longitudinal variation of the lateral half-value width of the jet at the surface: mFr = 11; 
BFr=22;~Fr=26;mFr=Sl;mFr=52;~Fr=68;m~r=75;OFr=97. 
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FIG. 7. Decays of the time-averaged velocity and temperature at the jet axis : the symbols are the same as 
in Fig. 3. 

Equations (37) and (38) indicate that the vertical Comparison between equations (39) and (40) indicates 
spread of the temperature is a little greater than that again that the lateral spread of the temperature is 
of the velocity. larger than that of the velocity. 

The lateral half-value widths b, and b, defined in 
a similar way to 6, and 6, are plotted against xx in 
Fig. 6. Both the lateral widths of the jet seem to 4.3, Tame-averaged velocity and temperature 

increase in proportion to the distance from the jet The variations of the time-averaged velocity and 

source. The empirical correlation obtained from Fig. temperature at the jet axis with the distance from the 
jet discharge are shown in Fig. 7. 6 is given by 

b,# = 0.1x” 

b,# = 0.12~~. 

(39) 
Figures 7(a) and (b) indicate that the experimental 

data fall again on single lines for wide range of Froude 

(40) number. The empirical equations of the time-averaged 

(b) 

FIG. 8. Decays of the time-averaged velocity and temperature at the surface centerline of the jet: AFr = 8 ; 
~F~=16;~Fr=17;VFr=27;VFr=37;~Fr=44;~Fr=55;UFr=60;~Fr=62;131Fr=86; 

HFr = 148 ; other symbols are the same as in Fig. 6. 
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velocity and temperature at the jet axis are given by 

u,x = 14(x#)-3'2 (41) 

T,# = ll(~#)-~‘* (42) 
at 

1 < x# < 6. 

The decays of the time-averaged velocity and tem- 
perature at the surface centerline are depicted in Fig. 
8. Both the centerline velocity and temperature 
deficiency decrease with increasing distance from the 

jet discharge and decreasing rate is noticeable at the 
region of x# larger than around 3 where the distance 
of the jet axis from the surface is roughly twice as 
large as the vertical half-value width of the jet. 

The vertical distributions of the time-averaged vel- 
ocity and temperature are shown in Figs. 9(a) and (b). 
The velocity and temperature deficiency are nor- 
malized by those at the jet axis and the vertical coor- 
dinate y is normalized by the half-value width 6, and 
S,. The results show similarity profiles of the velocity 
and temperature which are approximated by Gaus- 

0 
-3 -2 -1 0 1 2 3 

(y-ht)16t 

FIG. 9. Vertical distributions of the time-averaged velocity and temperature : @ C+ 0 Fr = 6 ; 8 + +Fr = 8 
$O++Fr= 16;61l3OFr= 17;ECI~Fr=27;~OO~Fr=37;0~O~Fr=44;~~~~Fr=55 

DBbbFr = 60; q mntw = 62; AAAAF~ = 86; adade = 148. 
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FIG. IO. Lateral distributions of the time-averaged velocity and temperature at the surface : 8 0 OFr = 11 ; 
~++Fr=22; $eQ*Fr=26; OQOOFr=55; H@LIBFr=52; 14OOFr=68; ElTUFr=75; 

q ml-JmFr = 97. 

sian distributions as, 

U/U, = exp[-0.69((y-h,)/6,)21 (43) 

(T-T,)/(T,,-_J = exp[-0.69(0,-h,)/6J2]. (44) 

The lateral distributions of the time-averaged vel- 
ocity and temperature at the surface are shown in Figs. 
IO(a) and (b). The results show again the similarity 
profiles of the velocity and temperature ; the empirical 
equations being 

U/U, = exp [ -0.69(z/b,)*] (45) 

(T- T,)I(T,- T,) = exp]-0.69(z/~J21. (46) 

5. CONCLUSIONS 

(1) The longitudinal variations of the location of 

the jet axis, vertical and lateral widths of the jet, and 
the velocity and temperature at the jet axis are well 
correlated with the scaling law obtained in the present 
analysis. 

(2) The vertical and lateral distributions of the time- 
averaged velocity and temperature show similarity 
profiles. 
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